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Shear Flow instability in a strongly coupled dusty plasma
D. Banerjee, M. S. Janaki and N. Chakrabarti
Saha Institute of Nuclear Physics, 1/AF Bidhannagar Calcutta - 700 064, India.
Linear stability analysis of strongly coupled incompressible dusty plasma in presence of shear flow
has been carried out using Generalized Hydrodynamical (GH) model. With the proper Galilean
invariant GH model, a nonlocal eigenvalue analysis has been done using different velocity profiles. It
is shown that the effect of elasticity enhances the growth rate of shear flow driven Kelvin- Helmholtz
(KH) instability. The interplay between viscosity and elasticity not only enhances the growth rate
but the spatial domain of the instability is also widened. The growth rate in various parameter
space and the corresponding eigen functions are presented.
I. INTRODUCTION
In last few decades the importance of dusty plasma in space (e.g, in planetary rings, comet tails, interplanetary
and interstellar clouds, in the vicinity of artificial satellites and space stations etc.,) and laboratory (technological
plasma applications, fusion devices) has increased making this area of research interesting and useful. The study of
waves and instabilities in laboratory in presence of dust is highly interesting because the additional charge species is
mutually connected with electron and ions via electromagnetic Lorentz forces[1]. Since macroscopic dust particles can
be visualized and tracked in particle level, dusty plasma is treated as a good experimental medium in laboratory to
study phase transition[2], transport properties and other collective phenomena[3, 4]. When macroscopic dust particles
are added to an electron-ion plasma, large number of electrons are attached to a micron size dust surface due to their
higher mobility compared to ions. Thus dust act as a highly negative charged particle. It enables them to strong
electrostatic (Coulomb) interaction with the neighbouring dust particles so that the fluidity of dust particles becomes
much less than that of normal electron-ion plasma. Hence, shear viscosity of dust fluid begins to play an important
role opposed to normal electron-ion plasma[5]. The strength of the Coulomb coupling is characterized by the coupling
parameter Γ = q2d/(kBTda) where qd is the charge on the dust grains, a(≃ n
−1/3
d ) is the average distance between
them for density nd, Td is the temperature of the dust component and kB is the Boltzmann constant[6]. In the
regime 1 ≤ Γ ≤ Γc (a critical value beyond which system becomes crystalline) both viscosity and elasticity are equally
important and therefore such plasma exhibits visco-elastic behavior [6, 7]. When Γ > Γc, viscosity disappears and
only elasticity reigns over the system. At high temperature, with the parameter Γ ≪ 1, the media exhibits purely
viscous effect but as the coupling parameter increases, Coulomb interaction between neighbouring particles becomes
comparable to kinetic energy and hence the fluid also shows elastic property. Thus, strongly coupled plasmas cannot
be classified as purely elastic or purely viscous[8]. Experimental observations clearly demonstrated that a dusty plasma
with micron size negatively charged dust can readily go into a strongly coupled state and that the charged dust grains
organize themselves into crystalline structures [9]. It is also shown that such a plasma can support a transverse
‘shear mode’[10, 11]. At low temperature, potential energy easily overrules the kinetic energy of dust particles and
hence dusty plasma fluid could posses memory dependent stress which leads to some elastic nature along with its
inherent viscous property. The KH instability is important in dusty plasma for understanding of various astrophysical
phenomena where sheared dust flow naturally exists[12]. In a laboratory experiment application of external dust shear
flow may also be important to study the characteristics of KH instability.
In this paper, we have studied the linear stability analysis of sheared dust flow in presence of strong correlation
between neighbouring dust particles. Unbounded parallel flow separated by a laminar shear layer could be unstable to
small wavy disturbance depending on the nature velocity shear profile. This is a class of Kelvin Helmholtz instability
that arises in parallel shear flows, where small-scale perturbations draw kinetic energy from the mean flow. The effect
of dust particles on the KH instabilities in electron-ion plasma for sheared ion flow was studied before [13]. In this
work, the effect of both viscosity and elasticity on the stability of sheared dust flow are studied with tanh type velocity
profile. In recent past, it has been reported in a strongly coupled yukawa liquid, strong coupling increases the growth
rate of parallel shear flow instability with a model which does not have Galilean invariance[14]. Here, the Generalized
Hydrodynamic model is used with proper Galilean invariance [including the convective term (v · ∇) associated with
τm] [15, 16] which provides a simple physical picture of the effects of strong correlations through the introduction of
viscoelastic coefficients. This model is generally valid over a wide range of the coupling parameter.
2II. GH MODEL AND STABILITY ANALYSIS
In this section we use standard fluid model of dusty plasma for studying low frequency (ω ≪ kvth e(i)) phenomena,
where ω is the mode frequency, k is the wave number, vth e(i) are electron and ion thermal velocity. Under this condition
only massive dust dynamics is important. The dust fluid is considered here as homogeneous and incompressible so
that density fluctuation can be ignored for simplicity. The Generalized Hydrodynamic equation for the dust fluid can
be written as [10, 15]
{
1 + τm
(
∂
∂t
+ v · ∇
)}[
ρ
(
∂
∂t
+ v · ∇
)
v + qdnd∇ϕ+∇p
]
=
∂σij
∂xj
(1)
where v, ρ(= Mnd), nd, p, ϕ are respectively fluid velocity, mass density, dust mass, number density, pressure and
electrostatic potential. The parameter τm = η/G is the relaxation time of the medium with viscosity coefficient η and
rigidity modulus G. The strain tensor σij is given by
σij = η
(
∂vi
∂xj
+
∂vj
∂xi
)
+
(
ξ −
2
3
η
)
δij (∇ · v) .
where ξ is the bulk viscosity coefficient. Earlier, GH model is being considered without the term τm (v · ∇) [14]. But,
this is unfavorable for Galilean invariance in non-relativistic case. If one studies physics associated with equilibrium
velocity shear this term have to be considered otherwise the analysis leads to erroneous result.
Let the equilibrium flow be along x-direction and it varies along y-direction so that v0 = v0(y)eˆx. The total flow
is the sum of equilibrium flow and a small perturbation:
v(x, y, t) = [v0(y) + vx(x, y, t)]eˆx + vy(x, y, t)eˆy.
Linearizing Eq. (1) around equilibrium flow v0, scalar component equations can be written as{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)
vx + vy
dv0
dy
+
1
ρ
∂p
∂x
+
q
M
∂ϕ
∂x
]
= ν∇2vx +
(
ξ
ρ
+
ν
3
)
∂
∂x
(∇ · v) , (2)
{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)
vy +
1
ρ
∂p
∂y
+
q
M
∂ϕ
∂y
]
= ν∇2vy +
(
ξ
ρ
+
ν
3
)
∂
∂y
(∇ · v) . (3)
Differentiating equation(2) with respect to y, and equation(3) with respect to x, we get
{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)
∂vx
∂y
+ v
′′
0 vy +
1
ρ
∂2p
∂y∂x
+
q
M
∂2ϕ
∂y∂x
]
+τmv
′
0
∂
∂x
[(
∂vx
∂t
+ v0
∂vx
∂x
)
+ v
′
0vy +
1
ρ
∂p
∂x
+
q
M
∂ϕ
∂x
]
= ν∇2
∂vx
∂y
+
(
ξ
ρ
+
ν
3
)
∂2
∂y∂x
(∇ · v) , (4)
{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)
∂vy
∂x
+
1
ρ
∂2p
∂x∂y
+
q
M
∂2ϕ
∂x∂y
]
= ν∇2
∂vy
∂x
+
(
ξ
ρ
+
ν
3
)
∂2
∂x∂y
(∇ · v) (5)
where kinematic viscosity coefficient ν = η/ρ. Then subtracting equation(5)from the equation(4) we obtain
{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)(
∂vx
∂y
−
∂vy
∂x
)
+ v
′′
0 vy
]
+τmv
′
0
∂
∂x
[(
∂
∂t
+ v0
∂
∂x
)
vx + v
′
0vy +
1
ρ
∂p
∂x
−
Ze
M
∂ϕ
∂x
]
= ν∇2
(
∂vx
∂y
−
∂vy
∂x
)
(6)
where dust charge q = −Ze, Z is the number of electrons on each dust and v
′
0 and v
′′
0 are respectively
dv0
dy
and d
2v0
dy2
.
To study the dynamics of pure shear flow in a dusty plasma we are neglecting the effects of density fluctuation
by considering an incompressible medium. Also, we are assuming cold dust particles i.e, random thermal motion
of dust is ignored. In this article, only electrostatic KH instability will be studied. In electrostatic media, electric
field fluctuation originates owing to the density fluctuation (compressible phenomena) of charge particles which are
3mathematically connected through Poisson’s equation. Hence, the pressure and the electric field perturbation terms
in equation(8) will not contribute further. The incompressibility condition is given by
∂vx
∂x
+
∂vy
∂y
= 0. (7)
A possible solution of Eq. (7) in terms of a stream function ψ may be written as vx =
∂ψ
∂y
, vy = −
∂ψ
∂x
. Hence the
equation(8) can be written as,
{
1 + τm
(
∂
∂t
+ v0
∂
∂x
)}[(
∂
∂t
+ v0
∂
∂x
)
∇2ψ − v
′′
0
∂ψ
∂x
]
+ τmv
′
0
∂
∂x
[(
∂
∂t
+ v0
∂
∂x
)
∂ψ
∂y
− v
′
0
∂ψ
∂x
]
= ν∇4ψ. (8)
The problem considered here is linear and inhomogeneous in y so any arbitrary disturbance may be decomposed
into normal modes as
ψ(x, y, t) = φ(y)ei(kx−ωt),
where ω = kc, and c is the phase velocity of the wave. Using this normal mode form, equation(8) can be written in a
dimensionless form as,
(D2 − k2)2φ(y) = ikR
[
{1 + ikτm (v0 − c)}
{
(v0 − c)
(
D2 − k2
)
− v
′′
0
}
+ ikτmv
′
0
{
(v0 − c)D − v
′
0
}]
φ(y) (9)
where, D denotes d/dy, Reynolds number R = v0Lρ/η and L is equilibrium shear length scale. This equation
describes the visco-elastic stability of normal modes of parallel shear flow in strongly coupled dusty plasma. In the
limit τm = 0, this equation leads to the celebrated Orr-Sommerfeld equation [17, 18] which examines the behavior of
small disturbances in the parallel flow of an incompressible viscous fluid.
Now we consider the following discontinuous steady velocity profile which help us to treat the problem analytically
v0(y) = y/|y|; −∞ ≤ y ≤ ∞
The above velocity profile shows that at y = 0, v0 has a sudden jump but, in the regions y > 0 and y < 0, the profile
is continuous and constant. Only at y = 0, both first and second derivatives of velocity exist. In weakly coupled limit,
the stability of this type of piecewise continuous velocity profile in a viscous incompressible fluid was analytically
studied and an instability [19] was predicted. For the regions y < 0 and y > 0, the Generalized Hydrodynamic
Orr-Sommerfeld equation (9) reduced to
(D2 − k2)2φ = ikR {1 + ikτm (∓1− c)} (∓1− c)
(
D2 − k2
)
φ (10)
Note here that v
′
0 and v
′′
0 do not appear in the above equation. But, the effect of sudden jump in the velocity profile
at y = 0 would appear through the boundary condition. The most general solution of equation (10) satisfying the
boundary condition at infinity is of the form
φ = Ae−ky +Be−β1y (y > 0)
Ceky +Deβ2y (y < 0) (11)
where
β1 =
[
k2 − ikR (c− 1) {1− iτmk (c− 1)}
]1/2
, β2 =
[
k2 − ikR (c+ 1) {1− iτmk (c+ 1)}
]1/2
.
On integrating equation (9) successively across the discontinuity of velocity profile for infinitesimal regions, we get
the boundary conditions
[φ] = 0, (12)
[Dφ] = 0, (13)[(
D2 + β2
)
φ+
Rτmk
2
2
(v0 − c)
2
φ
]
= 0, (14)
[(
D2 − β2
)
Dφ
]
= 0, (15)
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FIG. 1: (Color online)Variation of growth rate with wave number is plotted for step shear profile with Reynolds Number R = 1
and for different values of τm enlisted in legend. With increase of relaxation time τm, growth rate also increases for each k.
where
β =
[
k2 − ikR (c− U0) (1− iτmk (c− v0))
]1/2
.
The boundary conditions at y = 0 gives four homogeneous linear equations in A,B,C and D as indicated in Eq. (11).
A non zero solution for these set of equations exists if and only if their discriminant is zero. A straightforward algebra
result to the eigenvalue condition
k2 + β21 + β
2
2 − β1β2 + k(β1 + β2) = ∆
(
β1 − β2
β1 + β2
)
,
where ∆ = Rτmck
2.
Figure (1) shows a plot of growth rate vs. wave number for various values of τm. For τm = 0, the dotted curve shows
the result in a weakly coupled limit. This figure clearly indicates that increase of relaxation time enhances instability.
Strong coupling between dust particles (Γ) increases relaxation time (τm) [20] and thus enhances the growth rate of
KH instability.
5III. EIGENVALUE ANALYSIS
In the previous section, non-local analysis has shown that strong coupling between neighboring dust particles
enhances the instability of parallel sheared dust flow. As a step profile is not a realistic profile, a tanh type profile is
considered which is widely treated in both experimental and simulation studies. The expression of such a profile is
given by
v0 = v¯0 tanh(y/L),
where L is typically the velocity shear inhomogeneity length and v¯0 is the magnitude of velocity far away from
shear region. Hence the velocity smoothly varies from −v¯0 to the value v¯0 in the width of shear region 2L. We
have done matrix eigenvalue analysis of the differential equation (9) for the above mentioned profile using standard
eigenvalue subroutine (eig)in MATLAB after properly discretization of the said equation with standard finite difference
discretization scheme. Following central difference scheme is used for the purpose of discretization.
d4φ
dy4
=
φi+2 − 4φi+1 + 6φi − 4φi−1 + φi−2
∆4
d2φ
dy2
=
φi+1 − 2φi + φi−1
∆2
dφ
dy
=
φi+1 − φi−1
2∆
where ∆ is the grid spacing. After a few algebraic steps, the linearized fourth order equation(9) reduces to polynomial
eigenvalue problem in ωas
[
A0 − ωA1 − ω
2A2
]
φ = 0, (16)
where Ai’s are the matrix elements in above equation and ω = kc (c is the phase velocity). The polynomial eigenvalue
problem can be changed into general eigenvalue problem using the dummy variable χ = ωφ. Hence, the new eigenvalue
problem is
(
A0 Z
Z I
)(
φ
χ
)
= ω
(
A1 A2
I Z
)(
φ
χ
)
, (17)
where I is identity matrix and Z is a null matrix. This trick simplifies original polynomial eigenvalue problem into a
simple and well known matrix eigenvalue problem as
Rφ¯ = ωSφ¯
where
R =
(
A0 Z
Z I
)
; S =
(
A1 A2
I Z
)
; φ¯ =
(
φ
χ
)
.
Now, we can use eig subroutine to solve the eigenvalue equation. We have calculated the imaginary part of eigenvalues
ω, the positive value of which indicates the growth rate of the KH mode. First we should validate our code with
respect to existing results. In weakly coupled limit(τm ≪ 1), equation(9) reduces to the well known Orr-Somerfeld
equation which has been thoroughly studied in the last century. In figure (2), we have plotted the growth rate against
wave number for different values of Reynolds number R. These results agree with the results of Fig. 1. in Ref. [21].
The code also shows that instability of tanh velocity profile increases as viscosity decreases and for very large value
of Reynolds number R, the result resemble to those obtained in the inviscid limit.
After this bench marking result, we investigate the growth rate of KH instability for different values of viscosity and
relaxation time. The fact is that unstable mode has no real part i.e., it lies on the imaginary axis in the complex plane.
In figure (3), eigenvalues in the complex plane have been plotted for R = 1, 10 and τm = 1 and the corresponding
localized eigenfunctions are also shown. In figures (5)-(7), we have also shown growth rate vs. wave number curve for
different values of τm. As Reynolds number increases, growth rate for different τm values also increases.
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FIG. 2: (Color online)Growth rate for different Reynolds Number(R) is plotted against wavenumber in weakly coupled limit
(τm = 0). Growth rate(kc) is calculated in unit of v0/L and wavenumber(k) in unit of 1/L. Different colors indicate different
values of R. Viscous stabilization is clearly seen for small R and its large value proceeds towards inviscid limit R→∞.
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FIG. 3: (Color online)Eigenvalues are shown in complex plane for τm = 1 and R = 10 in the left graph. Red(big) dot represents
the only unstable mode which is purely imaginary. Real(blue(lower) line) and imaginary(red(upper) line) parts of eigenfunction
corresponding to unstable mode are plotted in the right graph.
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FIG. 4: (Color online)Eigenvalues are shown in complex plane for τm = 1 and R = 1 in the left graph. Red(big) dot represents
the only unstable mode which is purely imaginary. Real(blue(upper) line) and imaginary(red(lower) line) parts of eigenfunction
corresponding to unstable mode are shown in the right graph.
7Reynolds number(R) τm Max Growth rate Max Growth rate
with τm(v · ∇) without τm(v · ∇)
0.0 0.01474 0.01474
1.0 0.02256 0.01499
2.0 0.07569 0.01520
1 3.0 0.1069 0.01575
5.0 0.2267 0.01621
8.0 0.3197 0.01690
10.0 0.3545 0.0179
TABLE I: Comparison of growth rates for Galilean invariant and non-invariant GH model
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FIG. 5: (Color online)Growth rate vs. wavenumber curves are shown for different values τm for two different cases – left one
with taking τm (v · ∇) term in GH model and right one without that term. R = 1.
The Generalized Hydrodynamic model is becoming an inevitable tool to study the effect of strong coupling between
dust particles on different waves and instabilities in a dusty plasma. In many cases, proper model was not taken into
consideration. For the study of Kelvin-Helmholtz instability where equilibrium shear flow plays an important role, it
is necessary to consider a proper Galilean invariant GH model. With the convective terms associated with relaxation
time taken into account the growth rate of unstable mode is plotted against wave number in fig. (5) for R = 1 in
both cases of including or excluding the term τm (v · ∇). These two figures clearly indicate that the proper Galilean
invariant form of the GH model makes a drastic change in growth rate using tanh type velocity profiles. A comparison
of growth rates is given in tabular form for different τm values. It is also observed that the limiting value of k beyond
which instability vanishes also changes for different values of relaxation time τm.
In figure (8) & (9), contour plot is being shown in 2D plane of Reynolds number and wavenumber which clearly
shows that unstable region in this parameter space increases with effect of elasticity.
IV. SUMMARY
We have studied Kelvin-Helmholtz instability of dust shear flow with effects of both viscosity and elasticity in
strongly coupled dusty plasma. Viscosity being a dissipative effect, plays stabilizing role. However, elasticity which
has energy storing property changes the growth rate of KH instability. The growth rate of Kelvin-Helmholtz instability
are estimated using proper Galilean invariant form of the GH equation. The stability characteristics of a small
wave-number perturbation are studied analytically by using a discontinuous velocity profile. The combined effect
of visco-elastic relaxation time τm and the additional convective term that assures Galilean invariance leads to a
modification of the jump conditions and the eigenvalue equation. The results indicate a substantial enhancement of
the growth rate and the range of unstable wave numbers over a wide variation of Reynolds number. The results are
further confirmed through a numerical study by choosing a more realistic continuous velocity profile. In the limit
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FIG. 6: (Color online)For R = 5 (left panel) and R = 10 (right panel) and different values of τm, variation of Growth rate with
k is shown.
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FIG. 7: (Color online)In left figure, growth rate vs. k is plotted for R = 40 and different τm. Right figure shows growth rate
variation with k for τm = 5 but different Reynolds numbers.
τm → 0, the numerical results reproduce the standard Navier-Stoke’s results. In the absence of the convective term,
bunching of the curves is observed with the growth rate vanishing at a particular wave number that is independent
of τm. However, the inclusion of the convective term in the GH operator causes a wide dispersion for the growth rate
curves obtained for different values of τm at large values of wave numbers in contrast to the results obtained without
the convective term. The results indicate that shear flows are unstable over a large range of wave numbers making
their further study useful in context of strongly coupled dusty plasma.
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FIG. 8: (Color online)Contour plot of growth rate of KH instability in 2D plane of k and R is shown for weakly coupled limit
τm = 0 in the right panel. Colorbar indicates the values of growth rate in different color region. In the left panel, the same
contour is plotted for relaxation time τm = 1 which shows rapid increase of unstable region in presence of strong coupling.
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FIG. 9: (Color online)Contour plot in 2D plane of k and R shows that unstable region increases with increase of relaxation
time. Here, curves of growth rate 0.5 are plotted for different values of τm enlisted in legend.
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